Abstract-An experimental approach to investigate the forward scattering sum rule for periodic structures is presented. This approach allows an upper bound on the total cross section integrated over a bandwidth from a simple static problem to be found. Based on energy conservation, the optical theorem is used to construct a relation between the total cross section and the forward scattering of periodic structures as well as single scatterers inside a parallel-plate waveguide. Dynamic measurements are performed using a parallel-plate waveguide and a parallel-plate capacitor is utilized to find the static polarizability. Convex optimization is introduced to identify the total cross section in the dynamic measurements and estimate an optimal lower bound on the polarizability for objects. The results show that the interactions between the electromagnetic field and an object over all wavelengths are given by the static polarizability of the object.
Abstract-An experimental approach to investigate the forward scattering sum rule for periodic structures is presented. This approach allows an upper bound on the total cross section integrated over a bandwidth from a simple static problem to be found. Based on energy conservation, the optical theorem is used to construct a relation between the total cross section and the forward scattering of periodic structures as well as single scatterers inside a parallel-plate waveguide. Dynamic measurements are performed using a parallel-plate waveguide and a parallel-plate capacitor is utilized to find the static polarizability. Convex optimization is introduced to identify the total cross section in the dynamic measurements and estimate an optimal lower bound on the polarizability for objects. The results show that the interactions between the electromagnetic field and an object over all wavelengths are given by the static polarizability of the object.
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I. INTRODUCTION

S
CATTERING properties of periodic structures have been a research topic for over a century, used to study a diverse range of systems from, electron transport in nanostrutures to electromagnetic (EM) wave propagation. Determining the dynamic properties of an object using experimental scattering techniques can be very problematic, especially when the phase of the wave has to be accurately measured. In this paper we present a relative scattering technique for EM wave interactions with an arbitrary object, which enables insight into the objects dynamic properties, without the need for difficult phase calibrations. In terms of forward scattering, the optical theorem relates the real part of the forward scattering amplitude to the total cross section of any scatterer [11] , [16] , [25] . The forward scattering sum rule shows that the all wavelengths integration of the total cross section of an object is given by the static polarizability of the object. This simple relation offers an understanding of the total interaction between the EM field and an object over the entire spectrum. This was first discussed by Purcell for dielectric spheroids [18] , then generalized to arbitrary objects in [4] and [23] . The sum rule has in recent years been used to introduce bounds on antennas [5] - [7] , [22] , metamaterials [24] , and extraordinary transmission [8] .
The optical theorem and the forward scattering sum rule have recently been generalized to 1-D and 2-D periodic structures in [10] . Moreover, the scattered and absorbed power from an incident plane wave is known to be proportional to , where is a Herglotz function [1] , [10] , [17] (or a positive real (PR) function [30] ), where . Here, denotes the wavenumber, is the cross-sectional area of the unit cell, and is the co-polarized part of the fundamental mode transmission coefficient.
In this paper, the optical theorem and the related forward scattering sum rule are extended to the case of parallel-plate waveguides. The waveguide is used for wideband scattering characterization of materials [26] . We show that this setup can be used as a quasi-2-D experimental methodology to find the scattering properties of 1-D periodic structures. Properties of the PR functions, together with convex optimization [2] , are utilized to combat the noise level in the system.
The low-frequency asymptotic expansion of the PR function [9] (similar to Herglotz and Nevanlinna functions [1] ) gives the relationship between the dynamic measurements and the static polarizability. In order to measure the static properties, a basic measurement setup consisting of a parallel-plate capacitor is used. The static polarizability is deduced from the small difference of the capacitance when the object is inserted in the capacitor [13] .
The results show that the entire spectrum interaction between the EM field and the periodic structure in a parallel-plate waveguide is proportional to the static polarizability that can be found from a parallel-plate capacitor, regardless of shape and resonant behavior. This simple approach provides physical insight into the total cross section integrated over the bandwidth of any scatterer. The method is applicable for frequency-selective structures [15] , metamaterials [3] , [21] , and EM-bandgap structures [29] . This paper is organized as follows. The optical theorem for periodic structures as well as a single scatterer in a parallel-plate waveguide are presented in Section II. Forward scattering sum rules are discussed in Section III. In Section IV, we report a passive system identification using convex optimization. The experimental methodology is presented in Section V, and numerical examples are illustrated in Section VI. This paper is concluded in Section VII. 
II. OPTICAL THEOREM IN A PARALLEL-PLATE WAVEGUIDE
In this section optical theorems for a parallel-plate waveguide are presented. As shown in Fig. 1 , the optical theorem is calculated for a 1-D periodic structure in Section II-A, and for finite objects inside an imaginary cylinder in Section II-B (see Fig. 2 ).
A. Periodic Structures
We consider a 1-D planar periodic structure inserted inside a parallel-plate waveguide. The structure has infinite periodicity in the -direction and is oriented in the -plane (see Fig. 1 ). A linearly polarized time harmonic TEM mode, , impinges upon the periodic structure at normal incidence, where the time convention is used. The transmitted and the reflected fields are denoted and , respectively.
The transverse components of the transmitted field, denoted by below, are expanded in a combination of waveguide and Floquet modes (the normal components can be derived from the transverse components and do not provide additional degrees of freedom). Taking the periodicity in the -direction and the electric boundary conditions in the -direction into account, the transverse components can be written as (1) where is the length of the unit cell in the -direction and is the height of the waveguide [see Fig. 1(b) ]. Note the extra factor of 2 in the term compared to . When is large enough, the corresponding modes are evanescent. Here, denotes the transverse components of the vector basis functions for waveguide modes, which are for (where for and for ), and for and (see [14, p . 64] for details). The expansion coefficients behind the structure are (2) where the subscript denotes the complex conjugate. A general incident field can be expanded in the corresponding modes, which are related to the modes of the transmitted field by a linear mapping quantified by the transmission coefficient . In our case, we consider an incident field consisting of only the TEM mode ( , , and ), and study the corresponding transmitted mode ( , , and ) and define the copolarized transmission coefficient as . The optical theorem for periodic structures is based on energy conservation and relates the forward scattered field to the total cross section [10] . The incident power per unit cell is denoted by . The transmitted power is . Here, is the copolarized transmitted power in the TEM mode and is the transmitted power for the remaining modes. The difference between the incident and the sum of the reflected and transmitted power is the absorbed power, , and the sum of the reflected power and the power in the scattered part of the transmitted field is the scattered power, . The total power is the sum of the absorbed and scattered power and can be expressed as (3) By considering the incident power per unit cell, and normalizing both sides of (3) by the incident power flux, , the total (extinction) cross section becomes (4) where . The optical theorem for periodic objects in a parallel-plate waveguide shows that the total cross section is related to the transmission coefficient.
B. Bounded Scatterer
In this section, the optical theorem is investigated for a nonperiodic structure bounded by an imaginary cylinder. Assume an incident wave propagating in the positive -direction, linearly polarized in the -direction . A scatterer of arbitrary shape and material is placed inside the parallel-plate waveguide. Following [11, p. 501] , the sum of the absorbed and scattered power here denoted, the total power is (5) where the surface encloses the scatterer and is the outward pointing normal vector (see Fig. 2 ). The subscript stands for the scattered fields that represent the difference between the fields in the presence and absence of the object, i.e.,
. The surface does not include the metal boundaries at and since the power flux is zero through these boundaries. Using the real part to shift the last complex conjugate from to , , and inserting the expression for the incident field, we get (6) where denotes the mean value of the fields over the height of the waveguide. The scattered field can be expanded in cylindrical modes (see [27] ). There, it is shown that the mean value in (6) is nonzero only for the zeroth-order mode, which is co-polarized to the incident plane wave.
By normalizing the total power with the incident power flux, , the total cross section becomes (7) where the integral in (7) is similar to the far-field amplitude, , in two dimensions, which is given by [28] 
Here the co-polarized 2-D scattered far field , and therefore, the total cross section, can be written as (9) The normalization by the height of the waveguide gives the 2-D total cross section. 
III. FORWARD SCATTERING SUM RULES
The forward scattering sum rule is used to find an upper bound on the total cross section of any scatterer. Identities stating that the integral (sum) of a variable has a certain value are categorized as sum rules and are mostly derived using holomorphic functions such as PR or Herglotz (Nevanlinna) functions [1] , [9] , [17] . In this paper the PR function, P , is given by the forward scattering amplitude derived in (4) and (9), where . In both cases the PR function is holomorphic and P for [10] and is given by P for a periodic structure for a single scatterer (10) where the total cross section P . The low-frequency asymptotic expansion is obtained from Maxwell equations by an expansion in the fields [20] , giving P
as , where is the limit inside the right half plane and for a small positive , and and are the electric and magnetic static polarizability dyadics, respectively. The parallel-plate waveguide in the static limit, , is equivalent to a parallel-plate capacitor with a uniform field distribution, , as shown in Fig. 3(a) . Here, and are identified as the polarizabilities of an object in the presence of the metal plates (in the periodic case this is understood as the polarizability per unit cell). The polarizability can be computed directly using proper boundary conditions in the finite-element method, or the corresponding Green's function in the method of moments. The methods for periodic structures in [10] and [20] can also be used since equals half the polarizability of a mirror-symmetric periodic structure with a unit cell of length , as seen in Fig. 3(b) and (c). In either case the static electric polarizability can be found using a zero-frequency electric field computed by any of the numerical methods mentioned above, , and the static permittivity dyadic, , as [23] , [24] ( 12) where is the free-space permittivity, is an identity matrix, and is the volume of the integration, which encloses a unit cell. The relation in (11) also shows that the forward scattering weighted by the frequency, P , gives the static polarizabilities as . This can be used, as explained in Section VI, to estimate the static polarizability of an object using measurements at frequencies greater than the static limit with the requirement that the wavelength has to be longer than the size of the object.
The sum rule relates the total cross section over all wavelengths to the static polarizability and is given by [1] (13)
The integration on the left-hand side determines the dynamic behavior of the scatterer and the right-hand side can be found from the static properties. The sum rule is used to derive an upper bound on the total cross section integrated over a bandwidth [1] .
In this paper we use a parallel-plate waveguide to determine the integral value on the left-hand side and a parallel-plate capacitor to measure the static polarizability on the right-hand side of (13) . The sum rule is valid for passive structures that do not support currents in the low-frequency limit, i.e., that do not short circuit the plates.
IV. PASSIVE SYSTEM IDENTIFICATION USING CONVEX OPTIMIZATION
Convex optimization [2] together with the properties of PR functions are used to identify the measured passive system. A symmetric PR function can be represented as P
for , where is a real valued and non-negative constant, is the Laplace parameter, and is a positive and finite measure such that . The spectral function is uniquely defined as [30] P
Using the low/high-frequency asymptotic expansions of P based on the representation (14) in the limit , and considering the even measure of , we can write the first integral identity as [9] P
where the low-frequency asymptotic of P is and the high-frequency asymptotic is . Here, and are real valued and non-negative constants. Assuming that the PR function P is sufficiently regular on the frequency axis , its imaginary part is given by
where the integral is identified as the Hilbert transform. The second equality is known as the Plemelj formula [17] , it should be noted that the imaginary part of P is odd symmetric with P P . The linear transform in (17) acts as a linear operator on the real response P to yield the imaginary part P of the passive system. This can be treated as a convex optimization problem with constraints on the unknown quantities and P . As a finite-dimensional approximation, the positive and symmetric measure P is modeled here by P
where is a non-negative real valued variable, is the frequency step, is an offset parameter, is a triangular pulseshape ( for and 0 otherwise), and is the number of pulses. By inserting the approximated P in (17), the imaginary part becomes P
where is the Hilbert transform of the pulse shape given by (20) with and . By applying the finite-dimensional approximation the sum rule in (16) can be represented as (21) Considering the real and imaginary responses of P , and also the sum rule in (13), we define the convex optimization problem minimize P P subject to P P
where P is the measured forward scattering for , which is inside the modeling interval , and is an upper bound on the sum rule. The norm is defined as
where is a positive weighting function. Consider the measurement model as P , where and are given, and is uncorrelated complex Gaussian noise with variance . Hence, the variance of the uncorrelated measurement noise is and the proper weighting function in a maximum likelihood estimation [12] is , and particularly, in the methodology of this paper we find that (24) where is the scattering parameter for the empty setup (see Section V-A for more details).
V. EXPERIMENTAL METHODOLOGY
The methodology used to illustrate the sum rule is presented in this section. A parallel-plate waveguide is used to investigate the dynamic properties, and a parallel-plate capacitor is used to determine the static properties of an object.
A. Parallel-Plate Waveguide
A parallel-plate waveguide is used to test the scattering properties of different objects. Two in-house fabricated wideband TEM horn antennas are placed inside the waveguide and are fed via the lower plate, as shown in Fig. 4 . The object is located in the middle of the waveguide and the antennas are separated by a distance of 0.98 m.
The TEM horn antennas are supported by a piece of Rohacell material with relative permittivity, . Microwave flat absorbers are placed around the waveguide to reduce the internal reflections and external interferences. The separation between two plates is 21.3 mm, which gives the first higher order mode at GHz. In order to measure the forward scattering, the scattered field, , is determined from the difference between the fields in the presence and the absence of the object. We consider a plane wave incidence, , to an object confined between the plates. The co-polarized scattered field in the far-field region can be expressed as (25) The distance between two antennas is denoted by and the separation between the object and the transmitting antenna is . The scattered field received by the antenna in the absence of the object is (26) where is the far-field amplitude generated by the transmitting antenna. The object is assumed to be in the far-field of the antenna and thus the far-field amplitude at the object is also .
The incident field on the object is given by (27) This electric field induces currents on the object and the object scatters. The resulting electric field on the receiving antenna in the presence of the object is denoted by and thus the scattered field of the object itself can be written as . According to (9) , the PR function is defined as P (28) where P denotes the PR defined in (10) normalized with the height of the waveguide, i.e., P P , and this can be approximated by P (29) where is the ratio between the outcoming wave at the port of the receiving antenna and the incident wave at the port of the transmitting antenna in the presence of the object. For the periodic structures discussed in Section II-A, we use the top equation in (10) to find the forward scattering, P , where the transmission coefficient is defined as . The -parameters are extracted using an HP 8720 vector network analyzer. 
B. Parallel-Plate Capacitor
A parallel-plate capacitor is used to determine the polarizability (see Fig. 5 ). The capacitor consists of two circular-shaped copper sheets that each of them is printed on an FR4 substrate with relative dielectric constant, . A Faraday cage, and a ground plane, are used to mitigate interference and current flows between different grounds in the system. An Agilent 4294A precision impedance analyzer is used to measure the capacitance at MHz. The relation between the capacitance change and the polarizability of a bounded object inside the parallel-plate capacitor is given by [13] (30) where is the difference between the capacitance in presence, , and the absence, , of the object, is the separation between the two plates, and is the vacuum permittivity. For each sample the measurement was repeated ten times to mitigate the possible positioning and distance errors. As seen in Fig. 5 , six plastic separators are placed on the edges of the plates to keep the distance constant in different measurements. The separation distance, mm, is the same as the height of the parallel-plate waveguide and the objects (more details in Section VI).
VI. EXPERIMENTAL RESULTS
In this section, two different scattering objects are considered to illustrate the forward scattering sum rule. In each case, the static measurement of the object inside the parallel-plate capacitor (Fig. 5) is illustrated. The static polarizability is determined by the variations of the capacitance between the absence and the presence of the object placed in the middle of the plates. The dynamic measurement in the parallel-plate waveguide (Fig. 4) is then shown and is used to estimate the left-hand side of the sum rule (13) . The dynamic measurements are wideband, and hence, affected by the noise in the system, and the quasi-static measurements are very sensitive to the placement and the distance between the plates. Using the obtained values from measurements, and in order to estimate an all-spectrum representation of the forward scattering, we apply a convex optimization method in each example using passivity and sum rule constraints.
A. Cylindrical Split-Ring Resonator (SRR)
A cylinder of SRRs composed of 16 SRRs etched in 18 m copper and supported by a 21 160 mm and 127-m-thick Fig. 6 . Average of the ten measurements (solid curves) and the optimal solution (dashed curves) for the forward scattering for an array of circular split rings. Maximum and minimum values over the ten measurements are illustrated by the bars.
Arlon Diclad880 with relative permittivity, , is used. The C-shaped unit element has the outer diameter mm, the strip width mm, and the gap distance mm. The unit element is designed to be resonant at 5.5 GHz.
The parallel-plate capacitor in Fig. 5 is used to measure the static polarizability of the object. The polarizability is estimated by the changes in the capacitance (30) and the resulting value averaged over ten measurements with standard deviation 0.04 cm is estimated to cm . This value obtained from a quasi-static measurement is an upper bound on the total cross section integrated over the entire spectrum on the left-hand side of the sum rule in (13) .
In order to investigate the dynamic properties of this sample, the forward scattering, P in (29), of this object is measured inside the parallel-plate waveguide over the frequency range [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] GHz with 1601 frequency points. Solid lines in Fig. 6 show the measured values averaged over ten measurements to reduce the noise level, whereas the error level is illustrated with bars. Averaging has the advantage of reducing the unwanted measurement errors, especially at low frequencies, which have the highest impact on determining the low-frequency limit on the right-hand side of the sum rule (13) . Except for the frequencies below 3 GHz, the setup is considered to be stable over different measurements, and as seen from Fig. 6 , the experimental errors are small. The real part of the forward scattering denotes the object's total (or extinction) cross section, . As is shown in the figure, the total cross section is very large compared to the size of the object at the resonance frequency ( cm) and smaller at lower and higher frequencies. The total cross section per unit length of a perfectly conducting cylinder with the same diameter as this object is 12.5 cm. This shows the blocking effect of the SRRs at the resonance frequency. Using the measured values of , the integral on the left-hand side of the sum rule (13) is estimated to 2.75 cm . This value is a lower bound on the polarizability since the integration on the left-hand side of (13) is over a finite range of frequencies instead of the entire spectrum.
Convex optimization in (22) is used to compute an all-spectrum representation of the measured values by identifying the passive system and estimating an optimal lower bound on the polarizability according to Section IV. The dashed curves in Fig. 6 show the real and the imaginary part of the forward scattering predicted by the convex optimization problem. The number of triangles in (18) is set to . Since the imaginary part approaches Hz linearly, it can be used to estimate the low-frequency limit in (11) accurately. The best fitting to the forward scattering that has the passivity constraint is achieved by the first constraint in the optimization problem (22) . The passivity constraint reduces the fluctuations at frequencies where P , however, to add an effective filtering over the entire bandwidth, the sum rule constraint with an upper bound is added. The right-and the left-hand sides of (13) are estimated using the parallel-plate capacitor to cm and the parallelplate waveguide to 2.75 cm , respectively. The region shown as measurement region in Fig. 7 is used as a subset of the possible polarizabilities. In Fig. 7 , is swept over a wider range of possible solutions. When minimizing the norm in (22) over the range of (Pareto Search method [19] ), the minimum least square in (23) becomes constant when the second constraint in (22) involving the upper bound on sum rule is inactive.
By increasing ,-the value of the low frequency asymptotic (11) as well as the integral (13) of the optimal solution remains constant (3.52 cm in this case), which is determined only by the passivity constraint. Decreasing has an advantage of filtering the spurious resonances, but at the same time losing the fitting to the measured values. The transition region in Fig. 7 is the best interval to choose . In this case, is chosen to be 3.4 cm to reduce the noise and at the same time achieve the best fitting for P . The input to the optimization problem is in the frequency rage of the measurements, i.e., [2, 20] GHz, while the modeling interval extends to GHz. The optimization has the advantage of neglecting negative parts, as cannot be less than zero.
Using the optimization solution, the value of the linear slope of the curve is estimated to P cm as , which is in good agreement with the polarizability found from the capacitor 3.65 cm . Since the measured capacitance in the capacitor is in the order of picofarads, the difference can stem from small errors in the measurement setup. The value of the integral (13) from 0 to 20 GHz is 2.87 cm , which gives 84% of the optimal lower bound ( cm ). The optimal lower bound corresponds to the lowest possible polarizability that is found from measurements. The actual value of the polarizability can be greater than this lower bound. It should be noted that more examples of the forward scattering sum rule for bounded and double resonance structures are discussed in [27] .
B. Planar Periodic Structure
In order to show the optical theorem for periodic structures discussed in Section II-A, we consider a planar periodic structure consisting of 42 in-house fabricated SRRs with 2-cm spacing that are resonant at GHz, attached to a Styrofoam slab, as shown in Fig. 8 . Using the parallel-plate capacitor, the static polarizability is measured over 11, 4, and 2 unit cells separately. All the measured values provide similar results for the polarizability of a unit cell, i.e., cm . The solid lines in Fig. 8 show the measured forward scattering of the periodic structure using (4). The total cross section has its highest value at the resonance frequency and close to zero over the rest of the frequency band. This is mainly due to the calibration that removes the effect of the Styrofoam. The left-hand side of the sum rule (13) , by integrating the measured , is estimated to 0.111 cm . This value gives a lower bound on the static polarizability that predicts the all-spectrum dynamic properties of the object.
In order to improve the estimate of the polarizability, the convex optimization (22) is applied for this object in the same way as in the previous example. The dashed lines in Fig. 8 are the optimal solution from the convex optimization problem. Choosing an appropriate upper bound on the polarizability, i.e., cm , in (22) , which is found in the same manner as explained in Section VI-A, the static polarizability per unit cell is estimated to P cm as , which is close to the value assigned to the upper bound of the optimization. The value obtained from the capacitor (0.196 cm ) is less than the low-frequency asymptotic determined by the convex optimization; however, the difference is negligible and can be due to the errors in the waveguide measurement. The left-hand side of the sum rule (13) , by integrating the optimal solution for the forward scattering, is estimated to 0.158 cm . This value is 75% of the optimal lower bound on polarizability, cm . The left-hand side of (13) gives a higher value for the modeled data, which is due to the fact that the negative parts of the spurious resonances are ignored by the optimal solution, and in addition to this, the integration is over a wider range of values. The agreement between the measurements and the optimal solution is not as good as the lower frequencies. The reason can be, first, the existence of the higher order modes, and second, the plane-wave approximations lose validity, i.e., the incident field excites the currents on the unit cells with a phase difference, which is more significant at higher frequencies. However, the forward scattering in (13) is weighted by the frequency square and the inaccuracies at higher frequencies are reduced significantly in the integration.
VII. CONCLUSION
In this paper, a sum rule for parallel-plate waveguides has been investigated. We have demonstrated that the total interaction between the EM field and a scatterer, integrated over all frequencies, is bounded by the static polarizability of the object. We show that the optical theorem inside the waveguide is solely related to the zeroth-order propagating mode and therefore the problem can be treated as a 2-D scattering problem. A parallelplate capacitor has been used to find the static polarizability and a parallel-plate waveguide to determine the total cross section and estimate a lower bound on the polarizability of various resonant scattering objects. The accuracy of the measurements is improved by applying a convex optimization problem to identify the passive system. The optimization solution gives an entire spectrum representation of the forward scattering as well as an optimal lower bound on the static polarizability. The left-hand side of the sum rule from dynamic measurements is on the average about 80% of the polarizability in the right-hand side measured in the parallel-plate capacitor.
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